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OO ' Abstract. A semi-Riemannian metric in a n-manifold has n{n — l)/2 degrees of 

^^ . freedom, i. e., as many as the number of components of a differential 2-form. We 

prove that any semi-Riemannian metric can be obtained as a deformation of a constant 
curvature metric, this deformation being parametrized by a 2-form. 



O ' 1. Introduction 

o ■ . . _ 

■^ ■ It is known, since an old result by Riemann [1], that an n-dimensional metric has 

D^' / = n{n — l)/2 degrees of freedom, i. e. it is locally equivalent to the giving of / 

Vh . functions. This feature seems to be a non-covariant property, as it is related to some 

particular choice of either a local chart or a local base. 



X 



A two-dimensional metric has / = 1 degrees of freedom. In this case, however, a 
stronger, well known result holds [2], namely, any two-dimensional metric g is locally 
conformally flat, g = (pr] , being the conformal deformation factor and rj the flat 
metric (Gauss theorem). In the two-dimensional case, the above Riemann result is 
intrinsic and covariant, i.e., only tensor quantities are involved, and the sole degree of 
freedom is represented by a scalar, conformal deformation factor, 0, which only depends 
on the metric g. 

The question thus arises of, whether or not, for n > 2 they exist similar intrinsic 
and covariant local relations between an arbitrary metric g , on the one hand, and the 
corresponding flat metric rj together with a set of / covariant quantities on the other. 

There is a number of results concerning the diagonalization of any three-dimensional 
metric: |1], [S], [El, [Z| and [H] to quote some of them. However valuable they are, they 
are not covariant because, in addition to / = 3 scalars, an orthogonal triad or a specific 
coordinate system is also involved. To our knowledge, the first published result of this 
kind for n = 3 is P], where the following theorem was proved: 

§ Postal address: Marti i Franques, 1; E-08028 Barcelona (Spain) 
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Theorem 1 Any three-dimensional Riemannian metric g may be locally obtained from 
a constant curvature metric rj by a deformation of the form 

g = ari + es^s, (1) 

where a and s are respectively a scalar function and a differential 1-form. The sign 
e = ±1, the curvature of rj and a relationship \l/(a, s) between the scalar a and the 
Riemannian norm \s\ may be arbitrarily prescribed. 

After realizing that n{n — l)/2is precisely the number of independent components of 
a n-dimensional 2-form, in the context of the general theory of relativity, B. Coll |n| has 
conjectured that any n-dimensional metric g can be locally obtained as a deformation 
of a constant curvature metric rj, parametrized by a 2-form F, according to: 

g = XiF)r^ + f,iF)F' (2) 

where A and /x are scalar functions of F and F^ := Frj'^F. 

It is worth noticing that the Kerr-Schild class of metrics in general relativity meet 
this relation. Indeed, a Kerr-Schild metric can be written as: gap = Vai3 + L^/3, where 
ria/3 is the Minkowski metric and la is a //-null vector field. Let Pa be a unit space vector 
field that is orthogonal to /„ and take Fajs = laPis — VcJ-p- Then the relation ((SJ holds 
with A = — /i = 1. 

In the present paper we prove the following variant of Coil's conjecture for n = 4: 

Theorem 2 [deformation theorem] Let (V„,(7) be a semi-Riemannian manifold. 
Locally it always exists a 2-form F and a scalar function a such that: 

(a) they meet a previously chosen arbitrary scalar constraint: \l'(a,F) = and 

(b) the semi-Riemannian deformed metric: 

9af3 = (^9af3 - eFlp , (3) 

with F'^p := g^^Fap^F^p and |e| = 1, has constant curvature. 
Since the constraint \l/(a,F) is a scalar, it will only depend on the invariants of 

13-9 ^uf3- 

As our proof relies on the application of the Cauchy-Kowalevski existence theorem 
for partial differential systems, it only applies to the analytic case. However, an extension 
to the C°° might be devised following the lines proposed by DeTurk and Yang [H] for a 
similar, although simpler, problem. 

Theorem 2 is proved by iteration on the number of dimensions. Right from the 
start, it is true for n = 1, because in one dimension any metric is fiat, and for n = 2 it 
reduces to the above mentioned Gauss theorem. 

For the sake of iteration's convenience, what we actually proof in section 3 is the 
following extension of theorem 2: 

Theorem 3 Let (yd,g) be a semi-Riemannian manifold and A a 2-covariant symmetric 
tensor. Locally it always exists a 2-form F and a scalar function a such that: 
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(a) they meet a previously chosen constraint: \l/(a,F, x) = and 
(h) the semi-Riemannian deformed metric: 

Qap = a9af3 + Kp - eFlp , with F^^ := g^^F^^F^p (4) 

has constant curvature (\t\ = 1). 

A very useful tool for the iteration is the following 

Theorem 4 [iteration] // theorem \^ holds for d = n — 1, then it also holds for 
d = n. 

Section 2 is devoted to prove Theorem 4. Theorem 3 then follows by iteration and, as 
an application of theorem 2, Coil's conjecture is proved for n = 4. 

2. Proof of the iteration theorem 

Let (Vn,fi') be a semi-Riemannian manifold and let {ei, . . . ,6^} be a base of vectors. 
(Most tensor expressions in this proof are meant referred to this base.) 

Both metrics gap i gap will coexist through the proof. To avoid confusion, indices 
are always lowered with the metric gap and raised with its inverse (7"^. Furthermore, 

ap 

h will denote the inverse metric for g^p (see Appendix A). 

Given the Riemannian connections V i V respectively associated with g i g, we 
define the difference tensor 

so that 

^aAp = VaAp - B^pA^ (6) 

And it straightforwardly follows from the definition (jH)) that 

Bpw^u ■■= B'^^g^p = - [V^gp^ + V^g^^ - Vpg^^ ) (7) 

Associated with each metric gap and g^p there is a Riemann tensor, respectively, 
RfiuajS and Rnua(3- Both tensors are related to each other by 

R^^,yaP ■= 9 f,pR ua/3 = '9 ^pR''val3 + 2 ^ [aB f,\\p]u + 2 S^j^Sp||^]^ (8) 

This equation, together with the condition that Ijap has constant curvature, yields 
the partial differential system 

^pvaP '■= RpvaP + kg^^afi = (9) 

where g^^^p := 'gpaHufS - 9^p9ua- It is a system with 1 + n(n - l)/2 unknowns, 
namely, the scalar function a and the independent components of Fap. On the other 
hand, considering the symmetries of the Riemann tensor, the system ^ consists 
of n'^{n^ — 1)/12 independent equations [10]. Therefore, for n > 2 there are more 
equations than unknowns, and the system seems overdetermined. (We shall see that 
this overdetermination is similar to what one encounters in analyzing Einstein equations: 
part of equations © constitute a partial differential system with a well posed Cauchy 
problem, while the remaining equations are subsidiary conditions on the Cauchy data.) 
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2.1. The Cauchy problem 

A suitably chosen part of equations ^ yields a partial differential system for the 
unknowns F^/j and a. To pose the corresponding Cauchy problem, we shall take a 
hypersurface S with a non-null normal vector n", that we assume normalized, i.e. 
gai3n"'n^ = cr , |(t| = 1. We shall consider an extension of n" to a neighborhood of 
S, which will be denoted by the same symbol, and 

n; := 5; - an^n, (10) 

is the projector ^f-orthogonal to n°. 

It is easily seen that not all equations contain second order normal derivatives 
of the unknowns. In particular, the only equations contributing to the principal part 
[TT] of the system are the combinations: 

S^a-=S^i,ai3n''n^ = (11) 

and, considering the identities 

it is obvious that (fTI|l consists of n(n— 1)/2 independent equations (as many as unknowns 
but one). As it will be shown later on, a well posed Cauchy problem with data on the 
hypersurface S can be set up for these equations. 

As for the remaining equations (jH)), they can be gathered as 

^fMua/3 '■= ^Xpa-y H^ H^ H^ 11^ = (13) 

c^^ua ■■= Sxpa^ n; n^ n>^ = (i4) 

where 11^ is the projector defined in (fTn|) . These equations can be taken as subsidiary 
conditions to be fulfilled by the Cauchy data on S. Indeed: 

Proposition 1 Any analytical solution of ^1\) that meets the constraints (Q^j and (|J^| j 
on S, also meets these conditions in a neighborhood of S. 

Proof: Using the combinations (fTT|l . (fTTni and (fTljl . we can write: 

^fiual3 = ^pualS + 2cr [£^,^[^1^13] + CaPliin^]) + '^n^^y^ pWa^ 0\ (15) 

Hence, given a solution of (fTTll we have that: 

£lj.uap = ^fiua/S + 2(T (£|j,y[a?2/3] + £a/3[^njy]j (16) 

Since the Riemann tensor R^uap meets the second Bianchi identity for the 
connection V and V aQ^y = 0, the following identity holds: 

^X^fiual3 + ^a^pu/SX + ^ /S^puXa ^0 (17) 

which, with the help of the difference tensor ©, can be written as: 

^x£-puap + ^a£-iiviix + ^ ii^-puXo, + linear {E) = (18) 
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where "linear(£^)" stands for terms that depend linearly on £f_iuap- In particular, by 
substituting (fT6|) into (fT8|) and contracting with n'^n^II^, we obtain 

^nl^i^vpa + 2(jV„£p^[/,n^] + n°V„£pi.^ - W^VpCf^yp + linear (£) = 
which, projected on n'", yields: 

VnCp^^. + linear (£) = (19) 

and, contracted with ^^^x yields: 

VnCrXpa + H^V aCrx. - U^ f,CrXp + huear (£) = (20) 

Equations (fT9| i (f2n|) constitute a homogeneous, linear, partial differential system 
for the unknowns CrXpa and Cp„^. The hypersurface S is clearly non-characteristic 
for this system and, since CrXpa and Cpcrp, vanish on S, they will also vanish on a 
neighborhood. II D 

2.2. Non-characteristic hypersurfaces 

Let us now see that Cauchy data can be provided so that S is non-characteristic for the 
partial differential system (fTT|l . We first use ^, ^ and (fT^ to write the system as: 

^«/3 = —K (n^n^v) + n. p. t = (21) 

where "n. p. t " includes all non-principal terms, i.e. terms that do not contain second 
order normal derivatives of the unknowns. 

We then consider the splitting of Fa/3 into its parallel and transversal parts with 
respect to n^ : 

Fa/3 '■= riaEf3 — Ean/3 + Fa/3 (22) 

where 

Ea := -aFa^n^ and Fa/3 := H^H^i^^. • 



Using this, the combination 11(^11^5'^^ occurring in the principal terms in equation (J2T| 
can be written as 

n^n^^^, = aga/3 + n^n^A^, + ae EaEf3 - e Fa' F^p (23) 

which, substituted into (f2T| . yields: 

a gap + ae [EaEp + EaEp^ - e (P^ FpP + K' Kp) = ^"/3 (24) 

where Tiap includes all non-principal terms and "(")" stands for V^. Notice that, since 
\a(3 is given, its derivatives do not contribute the principal part. 

Recall now that there is a beforehand fixed arbitrary relation among the coefficient 
a and the components Fa/3, 

^(a,F,^,x)=0 (25) 

II The validity of this reasoning, which rehes on a uniqueness theorem, is thus restricted to the analytic 
case (see llljl. 
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which implies the following constraint on the second normal derivatives of the unknowns: 
^la + ^^E„ + '^f'P^fs = ^0 (26) 

where 

da dEa dFai3 

are the partial derivatives of \l/ relatively to each of its independent variables, and \l/o 
includes all non-principal terms. 

The hypersuface S is non-characteristic for the prescribed Cauchy data if, and only 
if, the linear system ()24II26|) can be solved for the second order normal derivatives Ea, 
Fai3 and a. In Appendix C a sufficient condition on the Cauchy data Ea and Fajs is 
derived for S to be non-characteristic, namely 

A{d) ^ and T{d) ^ (27) 

where A{d) is the determinant of the system (I59II6()|] and T{d) is the determinant of 
Gij := (— 1)*~^£'q,£'/3(F*+-'"^)"^, i,j = l...d. (These conditions are equivalent to the 
inequalities (f7T|) .) Also in Appendix C, explicit expressions of these conditions are 
listed for some few values of d, the number of dimensions of the Cauchy hypersurface 
(d= 1,2,3). 

That is, it suffices to pick a set of Cauchy data on S fulfilling the inequalities (f?7jl . 
Notice that these only involve the values of a, E^ and Fa/3 on S, but not their normal 
derivatives. 

2.3. Geometrical meaning of the subsidiary conditions 

Let us now assume that the hypersurface S has been chosen so that h riariji ^ 0. We 
can then consider the unit vector ^-orthogonal to iS, which is obtained on raising the 
index in rip with h and normalizing: 

Cp:=in0, i:=\T^nanp\-^'\ rT := r% (28) 

and therefore, IJapTi^n^ = (^ , 1^1 = 1- 
We denote 

n; := 5^ - arrCp (29) 

the projector ^-orthogonal to rl". Since, by definition Ua and (a are proportional to 
each other, we have that 

nJPp = cn^ = 

Whence it follows straightforwardly that 

ufll = u; i nX = n^ (30) 

Proposition 2 The subsidiary conditions ([7^ and ([7^ are equivalent to: 

i-'lJ.vaP '■= t^Apo-7 f J-^ f J-^ J-J-Q, f-'-/3 = . / X 

T ■- r TT^ Tf Tf^ — 7 - n ' 
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Proof: Indeed, conditions ^T^ and (fTHl are met if, and only if, Sxpais n^ H^ IIJ?^ = , 
which implies that 

whence, including (J3fl|) . it follows that: Sxpa/s^n^r^-y = Oi which leads 
straightforwardly to (J3T| . The converse proof proceeds in a similar way. D 

Written in the form (pTTll the subsidiary conditions have a clear geometrical meaning. 
We only need to notice that 'g^p is a semi-Riemannian metric and 5 is a hypersurface. 
The theory of Riemannian submanifolds can be then invoked [121, [IS|- Indeed, given S 
we can consider either the isometric embedding in the Riemannian manifold (V4, g) or 
the isometric embedding in the Riemannian manifold (V4,^). For each embedding we 
have a first fundamental form, respectively: 

9af3 ■■= c/^i^n;^ n^ and gaf3 ■= g^jC n^ (32) 

where 11^ and n„ are the respective projectors. We also have a second fundamental 
form for each embedding, respectively: 

0a/3 := n^nj^V^ni, and 0„^ := n|^ 11^ V^rlj, (33) 

Then, with the help of the projector n„ and the connection V, a connection V can 
be defined on S, which is precisely the Riemannian connection for gap. Let f" and w^ 
be two vector fields tangential to S, then: 

v^w°:=n;^v^w^ 



Kbv'^w^ = V.Cpw" = -V.w^Cp 



and also: 

The subsidiary conditions (f3T| can be geometrically interpreted in the light of the 
Gauss and Codazzi-Mainardi equations [12] for the submanifold S. 

2.3.1. The Codazzi-Mainardi equation It is basically a relation between some 
components of the Riemann tensor Rp,uai3 and the derivatives of the second fundamental 
form [121. L^t v^., w^ and z" be three vectors tangential to S, then: 



R^iuaf3V^w'^z°'n^ = R{v, w, z, n) = V^(j){w., z) — V^0(f , z) 

Therefore, the second subsidiary condition (nTT|l is equivalent to: 

V„0(w;, z) - V^0(t;, 2) = (34) 

for any f , w and z tangential to S. 
A particular solution is: 

(t>{v,w) =0 Vf, 1(7 tangential to S (35) 

which can always be achieved by a suitable choice of the normal derivatives of the 
unknowns on S. Indeed, substituting (|^ in the first expression ^^ and including (jH]), 
we obtain: 

e0./, = n^ n^ \Wxn, + Bi;n,] 
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/3) 



a 



- -n-uy,g,X^'p - 2 (^^) n^n^ v„^,. 



Finally, according to (128|1 . we have that Uan"' = C, a and the condition 0^,^ = can be 
written as 

V„ [g,^ n^ ng = IC^p (36) 

where the right hand-side only depends on the values of g^f^ on S and its tangential 
derivatives. 

The relations p6|) are d{d+ l)/2 independent equations. Complemented with the 
constraint obtained on differentiating (PK| once 

^id + ^^E„ + ^fF^fs = ^4 (37) 

we obtain a linear system with l + d{d + l)/2 equations that can be solved for the normal 
derivatives d, E^ and Fap, provided that the determinant does not vanish (\l/4 only 
depends on a, Ea, Fa/s and their tangential derivatives). Note also that the structure of 
the linear system (p!H|l - (nr7Jl is the same as the system (^Hl - lf^ . therefore it has a unique 
solution for d, E^ i -Fa/3 whenever the inequalities (f27l) are met. 

2.3.2. The Gauss equation The Gauss equation relates the Riemann tensor for the 
metric g and the tangential components (i. e., on projecting with 11^) of the Riemann 
tensor for the metric g p2]. So, if the vectors f , w, t and z are tangential to 5, then 



R{v, w, t, z) = R{v, w, t, z) — a [(p{v, t)(j){w, z) — 0(f , z)(j){w, t)\ . 

Now, the first subsidiary condition (pTT| is: 

Si,uapv''w''t°'z'^ := R{v, w, t,z) + k [g{v, t)g{w, z) - g{v, z)g{w, t)] = . 

On combining both equations and introducing the particular choice p5j) . we obtain: 

R{v, w, t,z) + k [g{v, t)g{w, z) - g{v, z)g{w, t)] = (38) 

Let us now consider a base of vectors adapted to S, i.e. {t° ■ ■ -t^ytn = ^"}? with 
f^n^ = f^Ca = , j = 1 . . . d. It is obvious that W^f^ = f^. 
The metric g on S has the components: 

h = ~9apttt^ = {9,.K%) n°tf n?tj 

and using the second relation (f3n|l we arrive at: gij = ^^^fl^II^tftj' which, including 
(0!^ . allows to write 

gij = a cjij + Xij + aeEiEj - eF^j , i,j = 1. . .d (39) 
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with Xij := Xij + aeEiEj. Also in this base, equation (jHI^ reads: 

Rijki + k [cjikgji - gu9jk] = , ij,kj = 1. . .d 

i. e., the Cauchy data on S must be chosen so that the metric cjij has constant curvature. 

Now, seeking a 2-form Fij and a coefficient a such that the metric gij has constant 
curvature, is a problem similar to what we were facing through this section (but with 
a lesser number of dimensions d = n — 1) which, by the hypothesis of theorem 4, has 
already a solution^. 

Summarizing, we choose a hypersurface S C Vd and find a set of Cauchy data on 
S, {a, Ea, Fajs} such that: 

(a) Eau" = , and Fafsn^ = , a, (3 = 1, . . . ,d, 

(b) A{d) ^ and r{d) ^ (see Appendix C) and 

(c) the metric g^j = acjij + Xij — eFf^ on S has constant curvature. 



Then the Cauchy data are completed on solving the system (|36ll37p for d, E^ and -F^^. 

With the complete set of Cauchy data, we solve the partial differential system (fTTll 

to obtain a, Ea-, F^p in a neighborhood of S. Then, using ([^ and (jHI), the sought 

constant curvature metric ^^.^ is finally obtained. D 

3. Proof of Theorem 3 

Theorem 3 is then proved by iteration on the number of dimensions. First, the theorem 
holds for n = 1, because in that case every metric is fiat. And second, by Theorem 4, 
if the statement of Theorem 3 holds for n — 1, then it holds for n too. The proof then 
follows as an application of the recurrence principle. 

Finally, Theorem 2 is a particular case of Theorem 3 for Xap = and "^ independent 
of X. 

4. Application. A universal law of gravitational deformation 

We shall now apply Theorem 2 to prove Coil's conjecture ^ for a Lorentzian, 4- 
dimensional spacetime, which we state as 

Theorem 5 Every J,.- dimensional Lorentzian metric gap can be locally written as: 

gap = Xg^p + fiF^p (40) 

where: 

(a) Fa(3 is a 2-form and X and jjl are scalar functions of Fap, 
(h) 'g^p is a constant curvature Lorentzian metric and 

^ The constraint ^ for this new reduced problem is ^(a, F, x) = ^(a, UaEp — E^np + Fap, x). Notice 
that, although we had taken ^ independent of the point x, as in Theorem 2, ^ would indeed depend 
on X through E^ and np. 
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(c) _^^ fI, := F^X^ F,, ,^ (41) 

where h is the inverse metric for g^^^. 

Proof: By Theorem 2, a 2-form Fap and a scalar function a exist such that 

^ap = agap - eFlp , with Flp := F^.g^'^F.p (42) 

has constant curvature. 

Now, solving (|in|) for ^^^, we have X'g^p = dap — I^Fa^h F^p which, using f5n|l 
and (J49|l (Appendix B) becomes: 






where h and I2 are the coefficients of the characteristic polynomial xf{,X) := det(F^ — 
X5'^) and p{x) := x^ + hx + J2. 

On comparing it with (H^ . we arrive at 

If we then solve these equations for A and /x we finally obtain: 

Including then the scalar constraint \E'(a,F) = 0, which is an implicit equation 
connecting a, Ji and /2, it follows that A and jj, only depend on the invariants Ji and I2. 

5. Conclusion 

We have proved that, locally, any semi-Riemannian metric can be obtained as a 
deformation of a constant curvature metric according to the deformation law (jH]). As, 
once the constrain \E'(a, F) = is fixed, the conformal factor a can be written as a 
function of the 2-form F, a correspondence can be established between the space of 
semi-Riemannian metric g^p and the space of 2-forms F^p. We have also noticed that 
this kind of deformations includes Kerr-Schild transformations p!l] and generalized Kerr- 
Schild transformations ^]. 

In general relativity {n = 4) this correspondence could open the possibility of 
alternative approaches to the classification of metrics and spacetimes, namely, on the 
basis of a classification of 2-forms. 

It will also permit to solve the gravitational field equations for Fap, or for 
Map = Fcfj^F'i as a perturbation of a fiat metric 'g^p (or a constant curvature one, 
at the best convenience). This could provide a new useful tool to study exact solutions 
of Einstein equations. 

Nevertheless, we must not forget the limitations of the result just proved, nor the 
great task that is still left from a more fundamental (mathematical) point of view. We 
have striven to make clear that our proof is only valid in the analytic case, i. e. if all 
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data are real analytic functions. Therefore, an outstanding job is to extend the validity 
of our theorem to the case that the data are only C°° functions. An approach could 
consist of transforming the quasilinear partial differential system (J24II26|) so that it can 
be linearized into a symmetric hyperbolic system. In such a case the existence of a 
solution for C°° data would follow from the inverse function theorem of Nash and Moser 

Hi. 

We have also insisted in the fact that our result is valid only locally, in a 
neighborhood of the Cauchy surface. It will be important to investigate how far the 
solution can be continued. 

It must be also kept in mind that the deformation of a given metric by means of 
a 2-form, according to the rule Q, to obtain a constant curvature metric has not a 
unique solution. Besides the arbitrariness in the choice of the constraint \1/, a great 
freedom is left in the choice of the Cauchy data on S. To put it in a different way, 
think of the great variety of 2-forms F that deform a given constant curvature metric r) 
into another metric rj = rj — eF"^ which has the same constant curvature. The "gauge" 
problem concerning this class of deformations is still to be studied. 
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Appendix A: The inverse metric h 



■0/3 



-al3 



We are seeking the inverse metric h for the covariant metric 

g^f^ = agafi-eMafi with M^p := F^^F^^ (45) 

and a, P, fi = 1, . . . n. 

Since Fq,/3 is skewsymmetric, the characteristic polynomial Xf{^) '■= det(F^— X^'^) 
has degree n and only involves powers X^ with n — r even. Denoting F = (-F^), we can 
write: 

Xf(F) :=F" + /iF"~2^... = 

Therefore, for the matrix M = F^ we have that 

n + 1 



- hM"-'^ + . . . = with 
and the minimal polynomial for M has the form: 



r-l 



m( 



+ Y^ kjM^ = with r < 
i=o 



n + 1 



(46) 



On the degrees of freedom of a semi-Riemannian metric 12 

Introducing now the matrix G = (^'^), equation pK|l can be written as: G = 

al-eM and, if we denote H = (Ti'^), then GH = I, i. e. 

ae-eMe = I (47) 

We can find a solution in the shape: EI = X^^Zo bjM.^ , where the coefficients bj are to be 
determined. Substituting the latter in (|i7j) and including (|i6|) . we obtain 

r-l 

y^ {abj - ebj-i + ebr-ikj) W + (a6o + e&r-i^o) 1 = 1 

which is equivalent to 

abj — e&j-i + ebr-ikj = 5° , j = . . . r — 1 , 6_i = 

To solve this system for 6j, j = 0, . . . , r — 1, we write it in matrix form: 

Ab + ebr^ik = v (48) 

with Vj = 6° and A = al - eN, where N = (A^j) with A^j = 5}+^ 

Solving the above system is easy once we realize that N^' = 0. Whence 

and from (jlH| we have: 

b = A'^v - ebr-iA'^k . 

Now, br-i = vp-b, with Wj = 5!^~^, and it follows that 



br-i (l + ew^A~^k 



w'^A''^v 



which can be solved for 6^-1 whenever 1 + ew'^A ^k j^ 0. A more careful calculation 
that includes (|i6|l shows that the latter is equivalent to 



^-1 I 



n^^'^o 



1=0 

i. e. m^ae) ^ 0, which holds whenever 'g^^ is non-degenerate. 

—a(i 

Below we list the explicit expressions for h in some few lowest dimensional cases 

(n = 3,4): 

n = 4 r^ = ^^ g^^ + ^ FIF^^ (49) 

p(ea) p(e«) 

n = 3 r^ = %"/^ + ^ F°F^^ 
a Py^ci) 

where p{x) = x^ + IiX + I2. 

The case n = 2 is trivial because M^p = h gap and 'g^p = (a + e/i) (^q/j. 
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Appendix B: The characteristic polynomials for F^ and F ^ 

We here restrict to the particular case n = 4. The characteristic polynomials for 

F'p := g°'^Ffj,j3 and F ^ := h F^p are, respectively, 

Xf{X) =X^ + hX^ + h and Xf(^) = X^ + l^X^ + I2 

In matrix notation, F = (FJ*) and F = (F^), we have 

F^ + JiF^ + /2I = and F^ + JiF^ + Tal = . (50) 

Ji and I2 (resp., Ji and 1 2) are the (^-invariant coefficients (resp., the ^-invariant 
coefficients) of the 2-form Fq 



13 ■ 



rj-Cf 



Introducing now the matrix H = (/i^), with h^ given by (|i9|) . we have 

F = eF and H = ^^Vl+— ^F^ (51) 

p(ea) p(eo,) 

Since F and EI commute, the second equation (f5n|) multiplied by EI~^ = G yields: 

F^ + JiF^G^ + TaG^ = 

which is a polynomial of eighth degree in F involving only even powers. The first 
equation (|5nll can then be used to reduce all powers of an order higher than 2, so 
obtaining CiF^ + CqI = 0, with: 



p{ea) J pi^o-) p{eaY 

In order that the above matrix equation does not imply an extra restriction on F [besides 
the characteristic equation (f5n|) ]. the coefficients Cq and Ci must vanish identically. 
Therefore we have that: 

- h J T a^h+Aaeh + hh ,^^, 

and Ji = — r^ . (52) 



p{ea) p{ea 

Appendix C: The characteristic determinant of the partial differential system 

We have to prove that Cauchy data a, E^ and F^js can be provided such that the 
homogeneous linear system 

a g^p + ae [e^E^ + E^Ep^ - e (J^p F^ + F/ F^^) = 1 

*ia + ^^F<, + <i/f'F^p = J 

only admits the trivial solution, i. e. is determined. Although indices a, /? . . . run 
through 1, . . . , n, the effective dimension of the linear system is c? = n — 1, as we are in 
the space tangential to S, i.e. orthogonal to n"". 

Assume that the Cauchy data Ea and Fa/s are chosen so that the vectors: 



v^:={p-%E^, j = l,2,...d 
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are linearly independent, so constituting a base for the vector space tangential to S. Let 
cij^, j = 1, . . . d, denote the dual base and define: 

e, := E^ {f'^'Y E^ , G,, := g^pv^v^ = {-ly-^ei+.^i , (54) 

6 := aeE^vt , F., := e^a/3<< = -F,, (55) 

^l,l:=aen^'o.. V^^=ev^f^>^ (56) 

Since F^p is skewsymmetric, Cj = for j even. Moreover, the coefficients Cj with 
j > d depend on the coefficients ci , I < d. Indeed, the characteristic polynomial, 
det i F'p — Xg'^p j , allows to write: 

D 

F'^ = ^ A^f'^-^^ (57) 

6=1 

with D = [d/2] and the coefficients Ab are the invariant coefficients of F^ (as Faf^ is 
skewsymmetric, (fFTjl only involves the powers d — 2b). Therefore, for / > d we have the 
relations: 

D D 

ez = ^ Ab ei-2b and Yu = ^AbYi i_2b 

b=l 6=1 

or, taking Aq = —1, 

D D 

Y^ ^b ei^2b = and J^ ^^ ^^ '^26 = , j>d (58) 

6=0 6=0 

which allows writing all coefficients ci and the variables Yki in terms of Cj and Y^, for 
i,j < d, and the characteristic polynomial coefficients Ab, b = 1, . . . D. 
On contraction with v" Vj the system (f53|) yields: 

8ij := a Gij + iiCj + ijCi + Fj+i J - Fjj+i = (59) 

d d 

Bo := ^id + ^ V^^6 + Y. ^3'^*^- = (60) 

i=i ij=i 

Since some among these equations are redundant, only those corresponding to 
1 < ^ < j < (^ must be considered. Note incidentally that, due to (f58|) . l^j^+i can 
be written in terms of l^j, with i, j < d. Therefore, (I59II6()|] is a linear homogeneous 
system of 1 + d{d + l)/2 equations for the same number of unknowns (the coefficients 
depend on the scalars e^, Ab, and on \l/i, ip\ and ip^i). 

On recombining the equations 1)591160^ we obtain the equivalent linear system: 

Bij= Q l<i<3 <d (61) 

D' 

B, ■.= J2'^l'3^d-2l=0, l<i<d (62) 

1=0 

Bo = (63) 

with D' = D when d ^ 2 and D' = D - I when d = 2. 
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Equations (flIT| can be solved in the Y's: 
M-l '-1 



Yii = d- 



-1 



ei+/-2 



+E«. 



Gi+i-t-i 



i < I 
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(64) 



t=i 



which, substituted into equations (|H^ and (jH!^ . yields a linear homogeneous system in 
the unknowns a and ^j, j = 1 . . .d. 

Now we have to proceed differently depending on whether d is odd or even. 



Case d = 1 + 2D On substituting |M|l and using (jSHl), the system 

D 

B2i = 0, i = l...D - 



becomes: 



B2;+l = , i = l...D 



t=i 

5^(i^* - M,5l,<5f )6+2* = 



M, 



2D+1 



-^d + M,ei+ 5^Po*6 = 



t=2 



2D+1 



(^1 a + ^ V5*26 = 



t=l 



(65) 



with 



D 



D 



Md = Y^ AiCd- 



21 and Pj — 2_^ AD-kei+2{k+i-t) , 

k=t 



i,t = 0...D{66) 



and 



(^1 = vl/i+^^^' i-iy-' e,+,„2 and <^* = 4+2 ^ ^ V'se.+^-i-ilST) 

It is now obvious that the system admits only the trivial solution if, and only if, its 
determinant does not vanish, i.e. 



A{2D + 1) = ^ (2v^i - Vl) KD) P{D) + 
with \{D) := det (i^*)i<,,<^ and p(D) := det {Pl - M,5\,5P)^^^ 



(68) 



t<D' 



Case d = 2D Now, with D' = D — 1, the system ()62II63|) becomes: 

D 



B2i = 0, i = l...D 



E^^^ 



2t-l 







t=l 

D 



S2._l=0, ^ = 1.../} ^ Y,Pll^2t = ^ 



2D 



Bo = 0, 



t=i 

ifid + Y^ ifl^t = 



t=i 



(69) 
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The system admits only the trivial solution if, and only if, its determinant does not 
vanish, i.e. 



A{2D) = ^^X{D)p'{D)^0 
withp\D):=det{PU),. 



(70) 



l<i,t<D' 



^ij J,7V2 








\^ij\i,j=2 



Are vf,...,v2 linearly independent? As far as the above reasoning relies on the 
assumption that the vectors vj , j = 1 . . .d are linearly independent, the condition 
A(d) 7^ must be supplemented with T{d) := det{Gij) ^ 0. Now, since Gij = 
(— l)*~^ej+j_i = for i+j ^ 2, this determinant results greatly simplified by rearranging 
rows and columns so that odd indices are written before even ones: 



T{d) 



Therefore 

T{d) = Todd{d)Tc^cn{d) 

with reven(c?) = det (Ggi 2i)i ^=1 d ^^^ rodd(c?) = det (G 2i+i 2j +i) i j =i z)/, where D' = 
[id-l)/2]. 

Using then Gij = (— l)'^^ej+j_i and the fact that a determinant does not change 
on adding to each column a linear combination of the others, we readily obtain: 

reven(c^) = (-l)[^/']A(I))and 



^odd{d) 



{-l)lD/2]+i M^X{D), d=l + 2D 



Therefore 



r{2D) = X{D)p{D) and r{2D + 1) = -MdX{DY (71) 

Summarizing, a sufficient condition for the linear system (|HT?| not to have non-trivial 
solutions is that: 



d^2 



d 



Md^O, 2^,-ipl^O, A(D)^0, p{D)^0 



(72) 



V^i^O, X{D)^0, p'{D)^0 

Notice that the simplest possible choice for the constraint, namely, \l/(a, F) := a—1 = is 
consistent with this condition for S to be non-characteristic. Indeed, for this constraint, 
V'^ = and ip'J = 0. Therefore, ii d y^ 2, 2(fi - <^l = 2 y^ 0, and if d = 2, (^i = 1 7^ 

Next, with an eventual application to general relativity {n = 4) in view, we display 
some explicit expressions for conditions for the system S^ to be determined in some 
few lowest dimensional cases {d = 1,2,3). We moreover assume that the constraint \l/ 
is a scalar and therefore only depends on the invariants Ji, . . . Id of F^. 
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n = A, d = 3, D = 1, Constraint ^(a, Ji, I2) = 0. 



In this case the condition (f72|) reads 

Aid -63^0, es^O, Aei^O (73) 



and 



where 



2^._^..2(__2,_ + ,^._)^0, (74) 

Ai = orei - Ji , 63 = eiAi + ah , Ci = -n^Ff'^Fy 

1 1 1 

n = 3, d = 2 Constraint \l/(a, Ji) = 0. 
From (f72|) we have that 

e.^O. A.^O. ^, = --.-^0 (75) 



where 



Ai = crei - Ji , and A = "^ i^"^i^/3a 



n = 2, d = 1 Constraint \l/(a, /i) = 0. 

In this simple case the condition can be directly obtained from (|53|l and reads: 
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